
Øêîëüíûé ýòàï îëèìïèàäû ïî ìàòåìàòèêå
Îêòÿáðü 2019 ã.

10 êëàññ

1 áëîê

1. Ñêîëüêî òð¼õçíà÷íûõ ÷èñåë ñðåäè ÷ëåíîâ àðèôìåòè÷åñêîé ïðîãðåñ-

ñèè 2, 7, 12, 17, 22,. . . ?

Îòâåò: 180.

Ðåøåíèå. Ñðåäè ëþáûõ ïÿòè ïîäðÿä èäóùèõ íàòóðàëüíûõ ÷èñåë ðîâ-

íî îäíî âõîäèò â óêàçàííóþ ïðîãðåññèþ. Äåâÿòüñîò òð¼õçíà÷íûõ ÷èñåë

ðàçáèâàþòñÿ íà 180 ïÿò¼ðîê.

2. Êðàí ñ õîëîäíîé âîäîé çàïîëíÿåò âàííó çà 19 ìèí, à ñ ãîðÿ÷åé çà

23 ìèí. Îòêðûëè êðàí ñ ãîðÿ÷åé âîäîé. ×åðåç ñêîëüêî ìèíóò íóæíî îò-

êðûòü êðàí ñ õîëîäíîé âîäîé, ÷òîáû ê òîìó ìîìåíòó, êàê âàííà áóäåò

çàïîëíåíà ïîëíîñòüþ, â íåé õîëîäíîé è ãîðÿ÷åé âîäû áûëî ïîðîâíó?

Îòâåò: ×åðåç 2 ìèíóòû.

Ðåøåíèå. Ïîëîâèíà âàííû çàïîëíÿåòñÿ ãîðÿ÷åé âîäîé çà 11,5 ìèíóò,

à õîëîäíîé âîäîé çà 9,5 ìèíóò. Çíà÷èò, êðàí ñ ãîðÿ÷åé âîäîé äîëæåí áûòü

îòêðûò íà 2 ìèíóòû äîëüøå.

3. Ïåðèìåòð ïàðàëëåëîãðàììà 360, à åãî îñòðûé óãîë 60◦. Ìåíüøàÿ

äèàãîíàëü äåëèò åãî ñîîòâåòñòâóþùèå óãëû â îòíîøåíèè 3 : 1. Íàéäèòå
ìåíüøóþ ñòîðîíó ïàðàëëåëîãðàììà.

Îòâåò: 60.

Ðåøåíèå. Ïóñòü â ïàðàëëåëîãðàììå ABCD îñòðûé óãîë 60◦ ïðè âåð-
øèíå A. Òîãäà òóïîé óãîë ïðè âåðøèíå D ðàâåí 120◦. Èìååì ∠ADB = 30◦,
∠BDC = 90◦ = ∠ABD. Åñëè â òðåóãîëüíèêå ABD êàòåò AB = a, òî
AD = 2a. Îòñþäà ïåðèìåòð ðàâåí 6a = 360.

4. Ïóñòü A � 2019-çíà÷íîå ÷èñëî, âñå öèôðû êîòîðîãî åäèíèöû. Íàé-

äèòå îñòàòîê îò äåëåíèÿ A íà 7.

Îòâåò: 6.

Ðåøåíèå. Çàìåòèì, ÷òî 111111 = 111 · 1001 = 111 · 7 · 143. ×èñëî èç 6
åäèíèö äåëèòñÿ íà 7. Áóäåì ïîñëåäîâàòåëüíî óáèðàòü ñëåâà ïî 6 åäèíèö.

Îò ýòîãî îñòàòîê îò äåëåíèÿ íà 7 íå ìåíÿåòñÿ. Ïîñêîëüêó 2019 = 6·336+3, â
êîíöå êîíöîâ ïðèä¼ì ê ÷èñëó 111, êîòîðîå ïðè äåëåíèè íà 7 äà¼ò îñòàòîê 6.

5. Íàéäèòå ñóììó êîðíåé óðàâíåíèÿ
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Îòâåò: −2,5.
Ðåøåíèå. Åñëè âûäåëèòü öåëûå ÷àñòè âñåõ äðîáåé, òî ïîñëå óïðîùå-
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êîòîðîå ñâîäèòñÿ ê êâàäðàòíîìó.

6. Ïóñòü f
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Îòâåò: 5.

Ðåøåíèå.
x+1
2x−1

= 1 ⇐⇒ x = 2. Ïîýòîìó f(1) = 2+3
2−1

= 5.

7. Âû÷èñëèòå 1000 · 999− 998 · 997 + 996 · 995− . . .+ 4 · 3− 2 · 1.
Îòâåò: 500500.

Ðåøåíèå. Óäîáíî ãðóïïèðîâàòü ïî äâà ñëàãàåìûõ:

250∑
n=1

(4n · (4n− 1)− (4n− 2)(4n− 3)) =
250∑
n=1

(16n− 6) =

=
10 + 16 · 250− 6

2
· 250 = 2002 · 250 = 1001 · 500 = 500500.

8. Íà ïëîñêîñòè ïðîâåäåíî n ïðÿìûõ, ñðåäè íèõ íåò ïàðàëëåëüíûõ è

íèêàêèå ÷åòûðå íå ïðîõîäÿò ÷åðåç îäíó òî÷êó. Âñåãî èìååòñÿ 16 òî÷åê

ïåðåñå÷åíèÿ ýòèõ ïðÿìûõ, ïðè÷¼ì ðîâíî ÷åðåç 6 òî÷åê ïðîõîäèò ïî òðè

ïðÿìûå. ×åìó ðàâíî n?
Îòâåò: 8.

Ðåøåíèå. Íåìíîãî ïîøåâåëèì ïðÿìûå, ÷òîáû îíè ñòàëè ïðÿìûìè

îáùåãî ïîëîæåíèÿ. Ïðè ýòîì êàæäàÿ òî÷êà ïåðåñå÷åíèÿ òð¼õ ïðÿìûõ

äàñò ïî òðè òî÷êè ïîïàðíîãî ïåðåñå÷åíèÿ ýòèõ ïðÿìûõ. Âñåãî ïîëó÷èòñÿ

16+2 ·6 = 28 òî÷åê. Ïîñêîëüêó n ïðÿìûõ îáùåãî ïîëîæåíèÿ ïåðåñåêàþòñÿ

â
n(n− 1)

2
òî÷êàõ, èìååì óðàâíåíèå

n(n− 1)

2
= 28, èç êîòîðîãî n = 8.

2 áëîê

1. Ñêîëüêî ÷åòûð¼õçíà÷íûõ ÷èñåë ñðåäè ÷ëåíîâ àðèôìåòè÷åñêîé ïðî-

ãðåññèè 3, 8, 13, 18, 23,. . . ?

Îòâåò: 1800.

Ðåøåíèå. Ñðåäè ëþáûõ ïÿòè ïîäðÿä èäóùèõ íàòóðàëüíûõ ÷èñåë ðîâ-

íî îäíî âõîäèò â óêàçàííóþ ïðîãðåññèþ. Äåâÿòü òûñÿ÷ òð¼õçíà÷íûõ ÷èñåë

ðàçáèâàþòñÿ íà 1800 ïÿò¼ðîê.

2. Êðàí ñ õîëîäíîé âîäîé çàïîëíÿåò âàííó çà 15 ìèí, à ñ ãîðÿ÷åé çà

23 ìèí. Îòêðûëè êðàí ñ ãîðÿ÷åé âîäîé. ×åðåç ñêîëüêî ìèíóò íóæíî îò-

êðûòü êðàí ñ õîëîäíîé âîäîé, ÷òîáû ê òîìó ìîìåíòó, êàê âàííà áóäåò

çàïîëíåíà ïîëíîñòüþ, â íåé õîëîäíîé è ãîðÿ÷åé âîäû áûëî ïîðîâíó?

Îòâåò: ×åðåç 4 ìèíóòû.

Ðåøåíèå. Ïîëîâèíà âàííû çàïîëíÿåòñÿ ãîðÿ÷åé âîäîé çà 11,5 ìèíóò,

à õîëîäíîé âîäîé çà 7,5 ìèíóò. Çíà÷èò, êðàí ñ ãîðÿ÷åé âîäîé äîëæåí áûòü

îòêðûò íà 4 ìèíóòû äîëüøå.



3. Ïåðèìåòð ïàðàëëåëîãðàììà 480, à åãî îñòðûé óãîë 60◦. Ìåíüøàÿ

äèàãîíàëü äåëèò åãî ñîîòâåòñòâóþùèå óãëû â îòíîøåíèè 3 : 1. Íàéäèòå
áîëüøóþ ñòîðîíó ïàðàëëåëîãðàììà.

Îòâåò: 160.

Ðåøåíèå. Ïóñòü â ïàðàëëåëîãðàììå ABCD îñòðûé óãîë 60◦ ïðè âåð-
øèíå A. Òîãäà òóïîé óãîë ïðè âåðøèíå D ðàâåí 120◦. Èìååì ∠ADB = 30◦,
∠BDC = 90◦ = ∠ABD. Åñëè â òðåóãîëüíèêå ABD êàòåò AB = a, òî
AD = 2a. Îòñþäà ïåðèìåòð ðàâåí 6a = 480.

4. Ïóñòü A � 2000-çíà÷íîå ÷èñëî, âñå öèôðû êîòîðîãî äâîéêè. Íàéäèòå

îñòàòîê îò äåëåíèÿ A íà 7.

Îòâåò: 1.

Ðåøåíèå. Çàìåòèì, ÷òî 222222 = 2 ·111 ·1001 = 2 ·111 ·7 ·143. ×èñëî èç
6 äâîåê äåëèòñÿ íà 7. Áóäåì ïîñëåäîâàòåëüíî óáèðàòü ñëåâà ïî 6 äâîåê. Îò

ýòîãî îñòàòîê îò äåëåíèÿ íà 7 íå ìåíÿåòñÿ. Ïîñêîëüêó 2000 = 6 · 333+ 2, â
êîíöå êîíöîâ ïðèä¼ì ê ÷èñëó 22, êîòîðîå ïðè äåëåíèè íà 7 äà¼ò îñòàòîê 1.

5. Íàéäèòå ñóììó êîðíåé óðàâíåíèÿ
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Îòâåò: 2,5.
Ðåøåíèå. Åñëè âûäåëèòü öåëûå ÷àñòè âñåõ äðîáåé, òî ïîñëå óïðîùå-
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êîòîðîå ñâîäèòñÿ ê êâàäðàòíîìó.

6. Ïóñòü f
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Ðåøåíèå.

x−1
x+1

= −1 ⇐⇒ x = 0. Ïîýòîìó f(−1) = −2·2
3·0+1

= −4.
7. Âû÷èñëèòå 999 · 997− 995 · 993 + 991 · 989− . . .+ 7 · 5− 3 · 1.
Îòâåò: 500000.

Ðåøåíèå. Óäîáíî ãðóïïèðîâàòü ïî äâà ñëàãàåìûõ:

125∑
n=1

((8n− 1)(8n− 3)− (8n− 5)(8n− 7)) =
125∑
n=1

(64n− 32) =

=
32 + 64 · 125− 32

2
· 125 = 32 · 125 · 125 = 56 · 25 = 500000.

8. Íà ïëîñêîñòè ïðîâåäåíî n ïðÿìûõ, ñðåäè íèõ íåò ïàðàëëåëüíûõ è

íèêàêèå ÷åòûðå íå ïðîõîäÿò ÷åðåç îäíó òî÷êó. Âñåãî èìååòñÿ 20 òî÷åê



ïåðåñå÷åíèÿ ýòèõ ïðÿìûõ, ïðè÷¼ì ðîâíî ÷åðåç 8 òî÷åê ïðîõîäèò ïî òðè

ïðÿìûå. ×åìó ðàâíî n?
Îòâåò: 9.

Ðåøåíèå. Íåìíîãî ïîøåâåëèì ïðÿìûå, ÷òîáû îíè ñòàëè ïðÿìûìè

îáùåãî ïîëîæåíèÿ. Ïðè ýòîì êàæäàÿ òî÷êà ïåðåñå÷åíèÿ òð¼õ ïðÿìûõ

äàñò ïî òðè òî÷êè ïîïàðíîãî ïåðåñå÷åíèÿ ýòèõ ïðÿìûõ. Âñåãî ïîëó÷èòñÿ

20+2 ·8 = 36 òî÷åê. Ïîñêîëüêó n ïðÿìûõ îáùåãî ïîëîæåíèÿ ïåðåñåêàþòñÿ
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2
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= 36, èç êîòîðîãî n = 9.


